Counting fully matched Tangram silhouettes

We define {a,b,c,d,e,f,g} the 7 pieces, in this order: the square, the former small triangle, the latter small triangle,  the medium triangle, the former large triangle, the latter large triangle, and the parallelogram. 

Let’s build any pattern starting with the square, and matching the other 6 pieces, one at once, according to a given sequence.

There exist 6! = 720 distinct sequences of a list {b,c,d,e,f,g} of 6 elements. Indeed, sequences with c and b (and/or e and f) exchanged give rise to the same patterns. Therefore, the distinct sequences are 720/4 = 180. 

For a given sequence (e.g. the natural one {b,c,d,e,f,g}), there exist many spatial configurations which can be developed. One of these is for instance the snakelike configuration in which any piece is matched on the piece just above settled. But there also exists branched configurations. Using tree graphs, we can easily classify all the distinct configurations. 

In the graphs, the nodes stand for the pieces, and the branches stand for the edges of the pieces. Nodes are linked to other nodes through branches. Leaves are nodes without any branches. The order of nodes is from left to right and from top to bottom in order to associate them to a given sequence.

The starting node can have up to 4 branches, always standing for piece a. All the other pieces can have up to 2 branches, since, once matched, any pieces has at least two free sides (exceptions on this assumption, both in the sense of reducing or enlarging the estimate will be discussed in the following).

There exist exactly 31 distinct and open trees, which can be obtained by using the above-described elements, as represented in fig.1. Looped graphs will be discussed in the following.

In fig.1, the numbers in the nodes and close to the branches stand for the distinct possibilities associated to them. In fact, any tree gives rise to many distinct patterns, according to the edges actually matched. To count how many patterns are allowed, we associate to any nodes, except the starting one, 3 possibilities as the minimum number of distinguishable sides of any matching piece. Moreover, any branch is associated to the number of possibilities of the already settled piece. In the case of the starting node, the first branch is associated to 1, since the sides of the square are undistinguishable, at first. The second branch, if it exists, is associated to 3, since, when one edge of the square is matched, the other three are distinguishable. The third branch, if it exists, is associated to 2, since, when two edges of the square are matched, the other two are distinguishable. Finally, the fourth branch, if it exists, is again associated to 1, since we do not have choice with just one free edge.  

In the case of the other nodes, the first branch, if it exists, i.e. if the node is not a leaf, is associated to 2. The second branch, if it exists, is associated to 1, since we do not have choice with just one free edge.  

We report in fig.2 an example of pattern derived from the sixth tree and the sequence {b,c,d,e,f,g}. We can notice how the same pattern could be derived from the same tree and by exchanging the two last pieces (sequence {b,c,d,e,g,f}), since the final branching is symmetric. To avoid twice counting we have to properly take into account the symmetric branching of each tree. If a node has two branches which evolve in the same way, e.g. the fifth node of the second tree in fig.1, a factor 1/2 has to be associated to those branches. If the first node has three branches which evolve in the same way, e.g. the second tree in fig.1d, a factor 1/3! = 1/6 has to be associated to those branches.

A lower bound to the number of patterns associated to a given tree is the product of the value associated to each node and branch. For instance the snakelike graph gives rise to 25 36 = 23328 possibilities. The second tree in fig.1a gives rise to 23 36 = 5832 possibilities, and so on. The possibilities associated to each tree should be added together to get the number of distinct patterns obtainable with a given sequence. It turns out to be 712233/2.

With the assumptions made so far, the counting is the same for any sequence. Therefore, the final estimate is




180(712233/2 = 64100970 

This number has to be intended as a lower bound, that is to say there should exist at least nearly sixty-four millions of distinct fully matched Tangram silhouettes.

Let’s discuss the exceptions to the above reasoning, and check how they do not change the order of magnitude of the lower bound.

i) Piece g is a parallelogram. It has four sides, but only two are distinguishable. Indeed, piece g can be flipped, and there is no way to recover the original configuration unless flipping again. Therefore, two side times two faces gives 4 possibilities, rather than 3 as previously assigned to any nodes. Therefore, the above estimate has to be multiplied by 4/3. Moreover, depending on the sequence, other trees should be added, as that in fig.3. This is a minor effect, which can be neglected in order-of-magnitude searching.

ii) The edges of the pieces can be 1, (2, 2, 2 (2 times the side length of the starting square. Therefore, two matched edges do not often have the same size. They can give rise to two distinct patterns, depending which vertices are matched, as shown in fig.4. This does not matter for searching a lower bound, as we did. By sure, an upper bound is given by a factor 26 = 64, which is obtained assuming that two matched edges never have the same size. Of course, this is quite rough. Moreover, this degree of freedom is often lost in order to maintain 2 possibilities for each settled piece, as previously assumed. This event is shown in the example of fig.5. Choosing the red-dashed configuration for pieces b and d, we should assign 1 to the branch of piece d, rather than 2. 

iii) Two pieces can be fully matched on the larger edges. For instance, both the two small triangles can be fitted onto a large triangle, as shown in fig.6. Therefore, the value 2, assigned to the first branch of the nodes, gives some underestimation.

iv) One concern in lower bound searching is the occurrence of wrapped configurations like those depicted in fig.7. The snakelike tree wraps so that one edge of piece d matches onto the square. Therefore, piece d has only one still free edge, rather than 2 as assumed in our estimate. But the shown configurations are 2 over 22 33 = 108 distinct possibilities. Therefore we are overestimating by few percents. Indeed, the same configurations, shown in fig.7, could result from the tree and the sequences reported in fig.8. In these cases we are counting three times the same configurations. We again overestimate by few percents.

v) The main concern in lower bound searching of distinct silhouettes is the occurrence of twins or multiples. In fact, sometimes, two or more distinct patterns can have the same silhouette. This happens, for instance, when the hypotenuses of the two small triangles are matched together, to form a square. Therefore, the two matched triangles and the square can be exchanged, to get a new pattern, but not a new silhouette. Indeed, the occurrence of twins is infrequent, as in the mankind. But how much? We can make the same counting as above, forcing pieces b and c to stay together. In this way, we need to consider the permutations of only 5 pieces, {bc,d,e,f,g}, which are 5!/2 = 60. The new square “piece” bc has four sides, but just 2 of them are distinguishable. To simplify, it will be considered as a standard node. We report in fig.9 the 15 distinct trees, which can be obtained. Adding all the trees, times the allowed permutations, it turns out 2128680 distinct patterns made by Tangram pieces, with pieces b anc c coupled to form a square. The same estimate is appropriate when the pieces b and c are matched to form a medium size triangle, as well as, twice, to form a parallelogram. Much less patterns are found for other multiples, involving more pieces, e.g. the pieces b, c and d which group together as a large triangle. Therefore, nearly 8 millions of patterns should be subtracted from our previous estimate. Indeed, for each couple of twins, we need to subtract only one, and not both. In the case of triplets, we need to subtract only two, and not all the three patterns. However, it is easier to eliminate those cases at all, for a lower bound estimate.

Taking into account the above points, the previous lower-bound estimate should be corrected according to


64100970 ( (6.4(107 ( (1– some percents) – 8(106) ( 4/3 ( 7(107
In conclusions, a very mild statement is that the 7 Tangram pieces can be fully matched to form at least few tens of millions of distinct silhouettes. 
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